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Field-Induced Commensurate-Incommensurate Phase Transition
in a Dzyaloshinskii-Moriya Spiral Antiferromagnet
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We report an observation of a commensurate-incommensurate phase transition in a Dzyaloshins
Moriya spiral magnet Ba2CuGe2O7. The transition is induced by applying a magnetic field in the plane
of spin rotation. In this experiment we have direct control over the strength of the commensura
potential, while the preferred incommensurate period of the spin system remains unchange
Experimental results for the period of the soliton lattice and bulk magnetization as a function of extern
magnetic field are in quantitative agreement with theory. [S0031-9007(97)03428-5]
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Studies of commensurate-incommensurate (CI) pha
transitions have a long history, dating back to the pionee
ing works of Frenkel and Kontorova [1] and Frank and va
der Merwe. [2]. Since then CI transitions were discov
ered and studied in a number of such seemingly unrela
systems as noble gas monolayers adsorbed on graphite
face [3], charge density wave materials [4], ferroelectric
[5] and rare-earth magnets [6] (for comprehensive review
see, for example, Ref. [7]). As a rule, CI transitions re
sult from a competition between two distinct terms in th
Hamiltonian that have different “built-in” spatial period-
icities and are often referred to as potential and elas
energy, respectively. The potential energy by definitio
favors a structure commensurate with the crystal lattic
The elastic term is intrinsic to the system where the tra
sition occurs, and has a different “natural” built-in period
In many known realizations of CI, such as adsorbed g
monolayers, it is the period set by the elastic term that c
be varied in an experiment to drive the transition. In oth
systems, such as rare-earth magnets, both the elastic t
(exchange coupling between spins) and the potential (m
netic anisotropy) can be changed, but only indirectly, b
varying the temperature.

From the very start it was clear that in its purest form
CI transition may be driven by the change of thestrength
of the potential alone, with the two built-in periods remain
ing constant. An elegant realization of this type of CI wa
first proposed by Dzyaloshinskii [8], who considered an in
commensurate spiral magnetic structure in a magnetic fie
applied in the plane of rotation of spins. In this model
incommensurability is intrinsic to the spin system and re
sults from spin-spin interactions. The role of the potenti
is played solely by an external magnetic fieldH, which
favors a commensurate spin-flop state. In a real magne
material with this type of CI transition an experimentalis
would have a convenient handle on the strength of the p
tential term, adjusting it by simply changing the magnet
0031-9007y97y78(25)y4857(4)$10.00
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field. Such systems are not easy to find. In most spir
magnets, e.g., cubic MnSi [9] and FeGe [10], even a sma
field is sufficient to realign the spin planeperpendicularto
the field direction. In compounds like RbMnBr3 [11,12]
and CsFeCl3 [13] the phase behavior is seriously compli-
cated by frustrations inevitably present in a triangular spi
lattice. To our knowledge, the most crucial quantities
namely, the incommensurability parameterz and magneti-
zationM, have not been measured as a function of the e
ternal field in any “clean” realization of Dzyaloshinskii’s
model to date. In the present paper we report the fir
direct experimental observation of a Dzyaloshinskii-type
field-induced CI transition in Ba2CuGe2O7, also present-
ing experimental data forz sHd andMsHd. On the theoreti-
cal side we go beyond a qualitative analysis of the critica
properties (close to the phase transition), as was previous
done by Dzyaloshinskii [8]. Dealing with this particular
system, we construct an exactly solvable model and deri
exact results that are inquantitativeagreement with experi-
ment throughout theentirephase diagram.

Structural and magnetic properties of Ba2CuGe2O7 are
discussed in detail in Ref. [14]. In the layered tetrago
nal crystal structure the magnetic Cu21 sites form a square
lattice with nearest-neighbor (nn) distances of 6 Å alon
the s1, 1, 0d and s1, 21, 0d directions, respectively. The
low-temperature (TN ­ 3.26 K) magnetic phase is a weak
distortion of the Néel spin arrangement, with all spins con
fined to thes1, 21, 0d plane and the staggered magneti
zation slowly rotating upon translation along thes1, 1, 0d
direction. The propagation vector iss1 1 z , z , 0d, where
z ­ 0.027. Only the nearest-neighbor in-plane antifer-
romagnetic (AF) exchange constant is significant and
equal toJab ­ 0.48 meV. The coupling between adjacent
Cu planes is ferromagnetic, withjJcjyjJab j ø 1y37. We
have previously suggested that the incommensurate stru
ture is a result of Dzyaloshinskii-Moriya [15,16] antisym-
metric exchange interactions. The corresponding term
© 1997 The American Physical Society 4857
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the Hamiltonian can be written asDsS1 3 S2d, where3

denotes the vector product andD is a vector associated
with the oriented bond between the two interacting spin

From the symmetry properties of the lattice we dedu
that for a bond between two nn Cu sites along thes1, 1, 0d
direction, the only allowed components ofD are those
along s1, 21, 0d and s0, 0, 1d, respectively (Fig. 1). The
s1, 21, 0d component does not change sign from o
bond to the next, while thes0, 0, 1d component is sign
alternating. It is the uniform component that is liable f
the incommensurate distortion of the Néel structure, a
for the rest of the paper we shall ignore the oscillati
component. The interaction energy is minimized when
spins are perpendicular toD. The total exchange energy o
the pair of nearest-neighbor spins is given by2Jab cosf 1

D sinf ­
p

4Jab
2 1 D2 cossf 2 ad, wheref is the angle

between spins, anda ­ 2 arctanDyJab . The energy is
a minimum atf ­ p 1 a. The classical ground state i
therefore a spin spiral, with all spins in thes1, 21, 0d plane,
and the angle between subsequent spins equal top 1 a.
The anglea is related to the propagation vectorz by a ­
2pz ø 10±. Precisely this spin configuration was found
the initial zero-field neutron diffraction experiments [14

The central experimental result of this paper is the o
servation of a CI transition in Ba2CuGe2O7, induced by a
magnetic field applied along thes0, 0, 1d direction. Single-
crystal magnetization measurements were performed u
a conventional dc-SQUID magnetometer in the tempe
ture range 2–300 K. ExperimentalxsHd ; dM

dH for T ­
2 K are shown in Fig. 2. ForH k a no anomalies are ob
served. In contrast, when the field is applied along thc
axis, a distinct feature is seen aroundH ­ 2 T and indi-
cates the presence of a magnetic phase transition. Neu
diffraction experiments were carried out on the H9 (co
beam) and H4M (thermal beam) three-axis spectrome
at the High Flux Beam Reactor at Brookhaven Nation
Laboratory on aø4 3 4 3 4 mm3 single-crystal sample
in the temperature range 1.3–5 K and magnetic fields
to 6.5 T, applied along thec axis of the crystal [17]. In
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FIG. 1. A schematic view of a Cu-Ge-O layer in Ba2CuGe2-
O7. The arrows indicate the components of Dzyaloshinsk
vectorD, allowed by the symmetry.

zero field, atT ­ 2.4 K , TN , elastic scans along the
s1 1 z , z , 0d direction show magnetic Bragg reflection
centered at an incommensurate positionz ­ 60.0273
[Ref. [14], Fig. 3(b)]. As the magnetic field increases, th
peak moves in closer to the AF zone center ats1, 0, 0d
[Fig. 3, inset (a)]. AtH . Hc ø 2.3 T the satellites at
s1 6 z , 6z , 0d are no longer observed, but are replace
by a single peak at the C points1, 0, 0d [Fig. 3, inset (b)].
The magnetic structure thus becomes commensurate.
experimental field dependence of the propagation vectoz

is shown in the main panel of Fig. 3.
To quantitatively describe the field-dependent behavi

we follow the approach of Dzyaloshinskii [8]. We assum
that the vector of local staggered magnetization at poinr
remains in thes1, 21, 0d plane and forms angleusrd with
respect to thec axis. The free energy per Cu plane in th
continuous limit is then given by
F ­
Z Ω

rs

2

∑µ
≠usrd

≠x
2

a

L

∂2

1

µ
≠usrd

≠y

∂2

1 g

µ
≠usrd

≠z

∂2∏
2

sx' 2 xkdH2

2
sin2 usrd

æ
dx dy . (1)
y

d

red
ase

gy
Here the axesx, y, and z run along the s1, 1, 0d,
s1, 21, 0d, and s0, 0, 1d directions, respectively, and
r ­ sx, y, zd. The first term is the total elastic energ
of exchange interactions, and favors a spiral struct
of period 2pL

a . In Eq. (1) L is the in-plane nn Cu-Cu
distance, andrs is the in-plane spin stiffness, that fo
classical spins at zero temperature is given byrss0d ­p

Jab
2 1 D2 S2. g is the spin stiffness anisotropy define

by gsLcyLd2 ­ jJcjyjJabj ø 1y37 for Ba2CuGe2O7.
The second term represents the Zeeman energy.xksT d
and x'sT d are defined as magnetic susceptibilities w
respect to fields that rotate along with the spiral struct
re

h
re

and are parallel or perpendicular to the local stagge
magnetization, respectively. In the paramagnetic ph
xksT d ­ x'sT d, while at T ­ 0 the classical result is
x's0d ­ sgmBd2y8JabL2, and xks0d ­ 0. The equilib-
rium spin configuration should minimize the free ener
(1), and therefore satisfy

≠2u

≠x2
­ 2

sx' 2 xkdH2

rs
sinu cosu ­ 2

1
2G2

sin2u ,

(2)

whereG ­ frsyH2sx' 2 xkdg1y2.
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FIG. 2. Field dependence of the magnetic susceptibility me
sured in Ba2CuGe2O7 at T ­ 2 K for the magnetic field ap-
plied along thec (circles) anda (crosses) axes of the crystal,
respectively. The solid line is a theoretical fit to the data, a
described in the text.

Expression (2) has the form of the sine-Gordon equ
tion, which is central to describing CI transitions in man
systems, and its “soliton lattice” solutions are well known

usxd ­ amsxybG, bd , (3)

where amsx, bd is the Jacobi elliptic function of modulus
b. Analogs of Eqs. (1) and (2) were derived in Ref. [8]
To obtain exact results forz sHd andMsHd, however, we
make one additional crucial step. For each value ofH of
all valid solutions, labeled byb, one has to choose the one
that indeed corresponds to the global minimum of the fre
energy. This is done by substituting Eq. (3) into Eq. (1
and minimizing the resulting expression with respect
b. After some algebra we find thatF is minimized

FIG. 3. Field dependence of the magnetic propagation vec
in Ba2CuGe2O7 measured atT ­ 2.4 K. The solid line is
a theoretical fit given by Eqs. (4) and (7). Insets: Elast
scans across the antiferromagnetic zone center for two differ
values of magnetic field applied along thes0, 0, 1d direction.
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Esbd
­

H
Hc

; (4)

Hc ­
pa

2L

s
rs

x' 2 xk

, (5)

whereEsbd is the elliptic integral of the second kind.Hc

is the critical field at which the CI transition occurs [8
Indeed, forH . Hc the spin structure is given by the
soliton-free solutionusrd ; py2, which corresponds to a
commensurate spin-flop phase, as visualized in Fig. 4
The staggered magnetization in this case is parallel to
x axis and the spins are slightly tilted in the direction
the field. In the limitH ­ 0 one hasb ! 0 andusxd ­
a

2p

x
L , which corresponds to an unperturbed sinusoidal s

spiral [Fig. 4(c)]. Most interesting is the case0 , H ,

Hc, where the spin structure may be described as a sol
lattice: regions of the spin-flop phase are interrupted
regular intervals by magnetic domain walls, or solito
[Fig. 4(b)]. In each soliton the direction of staggere
magnetization rotates by an anglep . At H ! Hc, the
density of solitons starts to decrease very rapidly,
1yj lnsHc 2 Hdj [8]. The transition atHc is thus almost
first order.

The exact expression forbsHd [Eq. (4)] enables us to
derive parametric equations for the field dependence
M and z , and directly compare these predictions to e
perimental results for Ba2CuGe2O7. Using the formula
M ­ 2≠Fy≠H and the equalities for derivatives of ellip
tic functions [18] one gets

M ­ xkH 1 sx' 2 xkdH
1

b2

µ
1 2

Esbd
Ksbd

∂
. (6)

The magnetization curve is continuous at the critical fie
whilexsHd ; dM

dH diverges asHc is approached from be-
low, and is constant and equal tox' at H . Hc. In
zero field x is equal to sxk 1 x'dy2. We now use
Eq. (6) together with the formula (4) to fit the experiment
xsHd for Ba2CuGe2O7 measured atT ­ 2 K. With x' ­
3.43 3 1025 emuyg, xk ­ 0.89 3 1025 emuyg andHc ­
1.88 T a very good fit is obtained (Fig. 2, solid line fo

FIG. 4. Spin configurations for the spin-flop phase atH .
Hc (a), the soliton lattice atH ­ 0.997Hc (b), and the circular
spin spiral atH ­ 0 (c).
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H k c). In the refinement we have included a linear co
tribution to xsHd, which is apparent in bothxcsHd and
xasHd. It arises from intrinsic nonlinearities in magneti
zation curves in the quantum (quasi-) two-dimensional A
Heisenber model (Ref. [19], especially Fig. 5), that in ou
case effectively modify the local susceptibilitiesx' and
xk at high fields.

As H ! Hc the period of the magnetic structure in
creases. Expressingz in terms ofb is rather straightfor-
ward and yields

z sHd
z s0d

­
H
Hc

p2

4bKsbd
­

p2

4EsbdKsbd
. (7)

Again, Eq. (7), when combined with Eq. (4), gives a par
metric curve forz sHd, that can be fit to the experimenta
data for Ba2CuGe2O7 usingHc as the only adjustable pa-
rameter [z s0d ­ 0.027 is measured independently]. The
result withHc ­ 2.13 T is shown in a solid line in Fig. 3.
A remarkable agreement is obtained except very close
Hc. Discrepancies close to the transition point are to
expected, since the transition is almost first order, the so
ton lattice is very soft and easily pinned by any impuritie
The same effects prevent us from experimentally obse
ing a true divergence inxsHd at the critical field (Fig. 2).

Finally, we can estimate the value of the critical fiel
using the previously measured exchange constants
z s0d. With Jab ­ 0.48 meV [14] the exchange energy pe
bond isJ̃ ­ 2JabS2 ø 0.24 meV. Forxk andx' we can
use the values for a classical Heisenberg AF atT ­ 0.
ESR measurements [20] provide the gyromagnetic rat
of Cu21: ga ­ 2.044 and gc ­ 2.474. Using Eq. (5)
and x' ­ sgmBd2ys8Jd we obtain Hc ­ 3.3 T, which
should be compared to the experimental valueHc ø 2.1 T.
Considering that in these estimates we have complet
ignored quantum and temperature corrections tox andrs,
a 30% consistency is indeed acceptable.

In summary, we have observed a rare type of CI tra
sition that is driven exclusively by the changing streng
of the commensurate potential. The latter is direct
controlled in an experiment by varying the magnet
field. A transition of this kind was envisioned over thre
decades ago by Dzyaloshinskii [8], and now we find th
Ba2CuGe2O7 exhibits it in its original form. Now that the
underlying physics is rather well understood, Ba2CuGe2O7

can be used as a very neat and simple model system
further studies of spiral magnetism. For example,
would be very interesting to look closer at the magnet
critical behavior.
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